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The knowledged of the mechanical behavior of structures subjected to cyclic loading is
a very important issue. It allows engineers to do a proper design, therefore the relevant
mechanical properties and behavior must be well known and understood; This includes
mixed-mode fracture mechanics problems.
The present research consists of a study about the path of fatigue crack propagation
under mixed mode loading situations. Known geometries were modified to promote mode
II crack propagation; the study involved numerical simulations which were compared with
experimental results.
The aim of this study is to evaluate the capability of the extended finite element
method to predict the crack propagation path under a mixed mode loading situation. All
of the studied situations consist of plane mixed mode I-II. The extended finite element
method was implemented on Abaqus software using the Paris law subroutine as propaga-
tion criterion. The natural neighbour radial point interpolation method was also used to
model the problems. Additionally, experimental data was obtained and compared with
the numerical results.
The experimental tests were performed in two different types of specimens, compact
tension and three point bend. For both cases the initial geometry, which is standardized,
suffered changes in order to induce the mixed mode loading.
Equivalent stress intensity factor was analysed considering the most common ap-
proaches: Richard/Henn, strain energy release rate, Tanaka and Chen. A comparison
between them was performed taking into account the ratio of mode I and mode II stress
intensity factors.
Also da/dN = f(∆Ke) curves were determined for all equivalent stress intensity factors
formulations. Results were compared among themselves and with the mode I original Paris
law for the used material.
Reasonable agreement between numerical and experimental results was achieved for
most of the cases studied. It should be noticed that heterogeneities are always part of
the materials and were not considered in the numerical models, which may be one of the
reasons for the differences found. It was also concluded that the geometrical changes in
the specimens did not induced a significant mode II loading.





O conhecimento do comportamento mecaˆnico de estruturas sujeitas a carregamentos cic-
los e´ um assunto bastante importante com vista a determinar as soluc¸o˜es de dimension-
amento e projeto mais eficientes. Deste modo e importante conhecer e compreender as
propriedades mecaˆnicas associadas a este tipo de problemas. Entre elas conta-se o com-
portamento de possiveis fendas em condic¸o˜es de modo misto.
O presente trabalho consiste num estudo sobre a propagac¸a˜o de fendas em condic¸o˜es de
fadiga considerando situac¸o˜es de carregamento em modo misto. Para esse objectivo foram
alteradas geometrias correntes, por forma a originar modo II, e recorreu-se a simulac¸o˜es
nume´ricas que foram comparadas com resultados experimentais.
O objetivo deste estudo e´ avaliar a capacidade do me´todo dos elementos finitos esten-
dido para prever a trajeto´ria de fendas sujeitas a carregamentos em modo misto. Todas
as situac¸o˜es abordadas consistem em carregamentos mistos I-II no plano. O me´todo dos
elementos finitos estendido foi implementado no software Abaqus usando como crite´rio de
propagac¸a˜o a lei de Paris. Tambe´m foi utilizado um metodo sem malha para a obtenc¸a˜o
de traje´ctorias para a propagac¸a˜o de fendas. Obtiveram-se ainda resultados experimentais
para as situac¸o˜es simuladas, que serviram de avaliac¸a˜o dos resultados obtidos numerica-
mente.
Foram utilizados provetes compactos (CT) e de flexa˜o em treˆs pontos (3PB) cuja
geometria inicial e´ normalizada. Uma vez que estes provetes sa˜o utilizados para a carac-
terizac¸a˜o de materiais em modo I, a sua geometria foi alterada por forma a existir tambe´m
carregamentos em modo II na extremidade da fenda.
Os fatores de intensidade de tensa˜o equivalentes foram determinados considerando as
formulac¸o˜es mais comuns: Richard/Henn, taxa de libertac¸a˜o de energia, Tanaka e Chen.
Estas formulac¸o˜es foram comparadas considerando diferentes valores para o ra´cio entre
KI e KII .
As curvas da/dN = f(∆Ke) foram obtidas para todas as formulac¸o˜es dos fatores de
intensidade de tensa˜o equivalente, permitindo a sua comparac¸a˜o e a comparac¸a˜o com
a curva da/dN = f(∆KI) do material utilizado. Os resultados obtidos mostram uma
boa concordaˆncia entre os modelos nume´ricos e os resultados experimentais apesar de ter
sido considerado que o material era homoge´neo, o que representa uma situac¸a˜o ideal uma
vez que os materiais apresentam sempre diversas heterogeneidades. Verificou-se tambe´m
que as modificac¸o˜es realizadas nos provetes na˜o provocam uma contribuic¸a˜o de modo II
significativa.
Palavras-Chave: Mecaˆnica da Fractura, Me´todo dos elementos finitos estendido , modo
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Fracture mechanics basic concepts
1.1 Mixed mode fracture mechanics
A cracked structure can be loaded in three different modes, shown in figure 1.1 for a simple
configuration. The mode one or the ”opening mode” [1], occurs when the applied load is
perpendicular to the crack surfaces and in this case the uncracked ligament is subjected
to a normal stress. In mode II or in-plane shear, which can also be designated as ”sliding
mode” [1], the applied load is parallel to the crack surfaces and causes the crack surfaces
to move in a direction which is perpendicular to the leading edge of the crack. In mode
III also known as out-of plane shear or by ”tearing mode” [1], the applied load is parallel







Figure 1.1: The three modes of loading.
Each one of the three loading modes is associated to a strain energy release rate,
GI , GII , GIII , or the crack tip stress intensity factor, KI , KII , KIII , where the strain
energy release rates are related with the corresponding stress intensity factor. According


















If loading corresponds to mode I only, this implies that the values of KII and KIII are
equal to zero, so it can be concluded that for this situation the relation between the energy
1
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In case of loading of mode II only, then KI and KIII are equal to zero, therefore the





For pure mode III the relation between the stress intensity factor and the strain energy





1.1.1 Stress intensity factor under mixed mode loading
A cracked structure can be subjected to various combinations of loading modes, therefore
it is desirable to determine an equivalent stress intensity factor, Ke, in order to correlate
the behavior of the crack. It is also important to establish a relation between the different
values of the stress intensity factors, which can be different for each loading mode. The
concept of equivalent stress intensity factor will be further detailed in section 1.3.
1.2 Fatigue propagation
The behavior of a material when subjected to cyclic loading and the prediction of the ser-
vice life of a component, whether it has a flaw or not, are important engineering problems.
In case the component contains a flaw, for example a crack, it is important to predict
the propagation velocity of the crack. In order to better understand this kind of problem
Paris has proposed, in [3], a propagation law which is still being used nowadays. In this
chapter the NASGRO equation, which is a more recent away to predict the velocity of


















Figure 1.2: Typical fatigue crack propagation fitting curve.
2
1.2. Fatigue propagation
Figure 1.2 shows the typical propagation curve for a metal. This curve can be divided
in three different regions. In region I the crack growth rate is very small which implies a
large number of cycles in order to induce a significant change on the crack size. The lower
limit of ∆K, in this region, corresponds to the value of ∆Kth which is the minimum value
for ∆K below which there is no propagation. Region II is the stable crack propagation
region; in this region the slope of the curve, when represented in logarithmic scale, is
approximately linear and it can be fitted by the equation proposed by Paris in [3], as
it will be further discussed. Finally region III is the unstable crack propagation region
which means that the variation of the crack length in a small number of cycles will be very
significant; the higher limit of this region is given by the value of ∆Kc which corresponds
to fracture toughness of the corresponding material, (or, for very ductile materials to the
plastic collapse of the remaining ligament).
1.2.1 The Paris law
The Paris law is an empirical equation proposed by Paul Paris in 1963 [3], describing crack




= C ·∆Km (1.6)
When plotted in a double-logarithmic plot, the above equation is shown in figure 1.3. It
does not fit all of the experimental data but it is a very important relationship because
it leads easily to an estimate of the number of cycles which a cracked structure will resist
until failure due to fatigue.
Figure 1.3: Typical representation of the Paris law equation 4.1 in a logarithmic scale.
The estimation made by Paris [3] and described by equation 4.1, is independent of
the size of the crack or the amplitude of the load, therefore two different structures with
different crack sizes and subjected to different stress levels will exhibit the same crack
growth rate if the value of ∆K is the same for both. The equation above only depends of
3
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the value of∆K and it has to be calibrated for each value of the load ratio (R = σmin/σmax)
as it can be observed in figure 1.4. For each value of R the constants C and m take different
values too.
Figure 1.4: Schematic representation of Paris law for different values of R.
1.2.2 NASGRO law
The NASGRO law is a more recent relation to predict the fatigue crack growth of a cracked
component when it is subjected to cyclic loading. It was initially developed by NASA. The
NASGRO concept is based on a large material database which is available in a software,
which according to the NASGRO manual [4], was developed by the National Aeronautics
and Space Administration (NASA) and Southwest Research Institute (SwRI).
The NASGRO equation
The equation that describes this law is more complex than the one used by Paris [3] and
also takes in consideration the number of cycles needed to propagate a crack when the
related situation is characterized by region I and III of the figure 1.2. The inclusion of
regions I and III is the biggest difference between the Paris law and the NASGRO law.
A typical representation of the curve obtained using the NASGRO law equation can be
observed in figure 1.5
4
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Figure 1.5: NASGRO law equation curve, (schematic representation).
According to the reference manual provided by NASGRO [4], the different elements of
the NASGRO equation were developed by several authors form different institutions. The
















where N is the number of fatigue cycles, a is the crack length, R is the stress ratio, ∆K is
the stress intensity factor range, and C, n, p and q are empirically derived constants, Kth is
the threshold stress intensity factor, Kc is the fracture toughness of the used material and
Kmax is the maximum applied stress intensity factor. The variable f represents the crack
opening function for plasticity-induced crack closure. This last function was originally








3) R ≥ 0
A0 +A1R −2 ≤ R < 0
(1.8)
and the coefficients are given by,










A1 = (0.415− 0.071α)Smax
σ0
(1.10)
A2 = 1−A0 −A1 −A3 (1.11)
A3 = 2A0 +A1 − 1 (1.12)
In the above equations Smax/σ is the ratio of the maximum applied stress to the flow
stress and α is a plane stress, plane strain constraint factor.
5
1. Fracture mechanics basic concepts
Figure 1.6 is shows the typical Paris and NASGRO curves for the same material and
load ratio (R). As expected, the Paris law is a partial representation of the NASGRO
curve.
Figure 1.6: Comparison between typical Paris and NASGRO curves, (schematic represen-
tation).
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1.3 Equivalent stress intensity factor
Different procedures have been proposed to calculate the equivalent stress intensity factor,
which is an important variable in order to correlate the crack behavior when a cracked
structure is subjected to mixed-mode loading. In this section four different approaches
to determine the equivalent stress intensity factor will be presented, as well as a non
dimensional comparison between them.
1.3.1 Energy approach
The equivalent stress intensity factor based on the strain energy release as a function of




As mentioned e.g. in Fajdiga, [6], the basic equation to determine the equivalent stress




E ·G plane stress;
√
E ·G
(1− ν2) plane strain.
(1.14)
Using the definition of stress intensity factor for every mode given in equations 1.3 to 1.5
and substituting the respective energy release rate in equation 1.14, the general form of











II)(1− ν2) + (1 + ν)K2III plane strain.
(1.15)
1.3.2 Richard/Henn approach
The approach for equivalent stress intensity factor determination proposed by Richard and














For metals and non-composite materials KIIc data is very limited and hard to deter-
mine experimentally, so in order to complete the equation 1.16, Richard proposed in [8] an
approximation with a value of α1 equal to 1.155. For the given value of α1 the equation








K2I + 5.336 ·K2II (1.17)
The above form of the equation 1.16 is not the only one used to determine the equivalent









K2I + 6 ·K2II (1.18)
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The approach proposed by Richard can be used for cases of spatial mixed mode loading










2 + 4(α2KIII)2 (1.19)
where α2 is the ratio between KIc and KIIIc. For this case Richard also proposed that a
good approximation is achieved for values of α1 equal to 1.155 and α2 equal to 1 and, for













In this thesis only plane mixed-mode cases will be treated. As the value of the pa-
rameter α1 is of difficult characterization, a further study will be made in order to better
understand the influence of this value in the behavior of the equation 1.16.
1.3.3 Chen and Keer approach
This approach is proposed by Chen and Keer in [11] and it is given by,
Ke =
[(








This criterion is based in experimental work and in the Paris law equation. Tanaka in
[12] proposed the equation 1.22 in order to give an approximation for the equivalent stress








1.3.5 Comparison of the different approaches
In this section a non-dimensional comparison between the four approaches presented in the
previous sections will be made . The non-dimensional equations for each approach were
























































1.3. Equivalent stress intensity factor
Non dimensional stress intensity factor Ke/KI as function of KII/KI
The evolution of non-dimensional form of the presented approaches for the equivalent
stress intensity factor is presented in figure 1.7 as a function of KII/KI .
(a) Evolution of Ke/KI as function of KII/KI .
(b) Zoom of the evolution of Ke/KI as function of KII/KI .
Figure 1.7: Non dimensional Ke/KI as function of KII/KI .
In figure 1.7a a more general behavior can be observed. Figure 1.7bshows a region of
particular interest because it displays the values of the non-dimensional stress intensity
9
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factor for values of KII/KI smaller than two.
Non dimensional stress intensity factor Ke/KI as function of KI/KII
The curves for the different approaches to calculate the equivalent stress intensity factor
but as function of KI/KII are now given in figure 1.8. As it was to be expected, when
the values of KI/KII get bigger the value of the non-dimensional stress intensity factor
tends to one, meaning that the values of KII when compared with the values of KI are of
minor importance. For this situation mode I is predominant which implies values of Ke
very similar to the values of KI .
Figure 1.8: Non dimensional stress intensity factor Ke/KI as function of KI/KII .
Difference between approaches for Ke/KI as function of KII/KI
A good way to compare the different approaches to characterize and determine the equiv-
alent stress intensity factor is to use one of them as reference, and evaluate what is the

















In this specific case the Energy approach was used as reference, and the percentage
differences obtained were plotted as a function of KII/KI , see figure 1.9.
Observing the plot presented in figure 1.9 it can be concluded that the approach that
shows a smaller difference when compared with the Energy approach is the Richard ap-
proach even though the maximum percentage difference between them is almost 30%. The
Tanaka and Chen approaches present differences much bigger than the Richard approach.
10
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Figure 1.9: Percentage difference as function of KII/KI using as reference the Energy
approach.
Difference between approaches for Ke/KI as function of KI/KII
The percentage difference between approaches, using as reference the Energy one, was
presented in figure 1.9 as a function of KII/KI . In this section will be determined the
percentage difference also using the Energy approach as reference but as a function of
KI/KII . The obtained results can be observed in figure 1.10. In this case the percentage
difference is higher for small values of KI/KII and tends to get smaller for bigger values
of KI/KII . For high values of KI/KII , bigger than 10, the percentage difference tends to
zero. This is an expected result, since the values of all studied approaches for this range
of values of KI/KII are near to the value of KI as it was shown in figure 1.8
1.3.6 Influence of the α1 in Richard approach
The Richard approach to determine the equivalent stress intensity factor in plane and
spatial mixed-mode situations was presented in section 1.3.2. In this thesis only plane
mixed-mode will be studied, so it is important to understand the influence of the empirical
constant α1 used by Richard in equation 1.17. In figure 1.11 several forms of the Richard
approach are presented.
It can be concluded that the bigger the value of α1 is, more conservative the Richard
approach gets, because for the same value of KI/KII the value of Ke/KI , i.e. Ke is higher.
11
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Figure 1.10: Percentage difference as function of KI/KII using as reference the Energy
approach.
Figure 1.11: Ke/KI as function of KI/KII .
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1.4 The J integral
The J integral is a concept that allows to calculate an energy release rate even in cases
where the plasticity can not be neglected. This integral is path independent which allows
to obtain the same result for different contour integral paths. The initial form of the
integral is given by Eshelby in [13], and it is based on the theorem of energy conservation,










where W is the strain energy per volume unit, T is the traction tension vector, τ is the
contour of the integral, u is the displacement and ds is an element of the contour τ . Figure
shows the contour around a crack, as the integral solution is path independent that means
that the value of integral resulting from the path τ is the same as the result of the integral
for the path τt. Since the basis of the equation 1.28 is an energy conservation theorem,
Figure 1.12: Contour around a crack, fig.1 of [14].
the J-integral is an energy related quantity. Rice in [14], has shown that the result of the
J integral is equal to the change of the potential energy around the crack tip resulting of
a virtual crack extension da; the resulting equation is mentioned eg. by Broek in [1], and




where V is the potential energy. In linear elastic cases the result of the integral is equal





1.5 Virtual Crack Closure Technique
The virtual crack closure technique (VCCT) is based on the crack closure concept intro-
duced by Irwin when he proved the equivalency between G and K [15], mentioned by
Broek in [1]. This method is based on the premise that the energy released when a crack
13
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is extended by ∆a from a to a+∆a is similar to the quantity necessary to close the crack




















where Zi =Zi   and Xi =Xi   from equilibrium
l u l u
Figure 1.13: Crack closure method 2D model, fig.4 from [16].
For the situation represented in figure 1.13 the quantity of required work to virtually




[Xi ·∆ul + Zi ·∆wl] (1.31)
where Xi and Zi are the shear and opening forces at the nodal point i and ∆ul and ∆wl
are the shear and opening displacements at node l. The relation between the work required





where ∆A is the crack surface area. Figure 1.14 shows the model as well as the respective
equilibrium forces and displacements needed to calculate the energy release rates GI and
GII . From the relation established in equation 1.32 Krueger,[17], defines the energy release
rates for modes I and II as:
GI = − 1
2∆a
Zi(wl − wl∗) (1.33)
=
GII = − 1
2∆a
Xi(ul − ul∗) (1.34)
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where ∆a is the length of the element ate the crack front, Xi and Zi are the equilibrium
forces at the node i, ul and wl are the upper displacements at node l, wl and ul are the
lower displacements at the node l too.
35







































( w - w * ) + Z’j
 






( u  - u * ) + X’j
 


















Figure 1.14: Model of the VCCT method for a four node element, fig.7(a) from [16].
The crack surface is considered to be∆a because it is assumed that the two-dimensional
model has a unitary thickness so,
∆A = ∆a ∗ 1
and consequently,
∆A = ∆a
For the eight nodes element the calculation procedure is very similar to the one used
for a four nodes element. Figure 1.15 shows the model used as well as all the equilibrium
forces and displacements. In this case Krueger, [17], defines the energy release rates for
modes I and II through the following equations:
GI = − 1
2∆a
[Zi(wl − wl∗) + Zj(wm − wm∗)] (1.35)
= (1.36)
GII = − 1
2∆a
[Xi(ul − ul∗) +Xj(um − um∗)] (1.37)
where wl, ul, wm and um are the upper displacements in nodes l and m, wl∗, ul∗, wm∗ and
um∗ are the lower displacements at nodes l and m either. Also in this case the thickness
of the model is considered to be unitary.
15
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Figure 1.15: Model of the VCCT method for a eight node element, fig.7(b) from [16].
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Chapter 2
Extended finite element method
In the past recent years, the need to accurately model discontinuities in finite element
models lead investigators to develop techniques which try to model those discontinuities
using structured meshes, in which the structured mesh has to be adapted to the discon-
tinuity geometry. These techniques imply that the model has to be remeshed at every
increment of the discontinuity. Alternatively, techniques that use functions to enrich the
region which contains a discontinuous field, do not require to remesh all model or do not
use the remeshing technique at all.
The modelling of cracks and crack growth using the finite element method with minimal
remeshing was first introduced by Belytschko & Black, [18]. The approach was based
on the partition unity property for finite elements which was presented by Melenk &
Babus˘ka, [19]. This property consists of the capability of the shape functions to reproduce
a constant, which is crucial for convergence. It also uses enrichment functions on the
nodes of the elements which contain the crack and crack tip. The approach made by
Belytschko & Black, [18] was improved by Moe¨s, Dolbow & Belytschko, [20] who developed
a fully mesh independent technique to modeling cracks and named as the extended finite
element method (xFEM). The extended finite element method, and its capability to model
discontinuities without remeshing, suggests an application to fracture mechanics which
uses strong discontinuities in order to simulate (macroscopic) cracks. Therefore the xFEM
allows to study the evolution of a crack as well as the crack path propagation without
remeshing at every crack increment, which is an advantage of xFEM when compared with
the standard finite element method (FEM).
2.1 Basic theory of the extended finite element method
In this section a basic description of the theory behind the extended finite element method
will be presented. A description of strong and weak discontinuities will be presented
first; then the strong and weak forms for domains containing strong discontinuities will
be presented, and finally the enrichment process as well as the used functions will be
described.
2.1.1 Weak and strong discontinuities
The xFEM essential idea is the integration of a discontinuous displacement field into the
standard finite element method model employing a local enrichment of the basic finite
element method solution. This allows the modeling of discontinuities, such as cracks or
dislocations, without requiring an explicit concretization of the discontinuity. Based on
17
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the type of displacement discontinuity which can be a strong discontinuity in case of a
crack or can be a weak discontinuity in case of a shear band or material interface. The
schematic displacement field in one dimension is presented by Ha¨usler [21] and it can be
observed in figure 2.1.
(a) Strong discontinuity. (b) Weak discontinuity.
Figure 2.1: Schematic representation of the displacement field of a strong and weak
discontinuity.
2.1.2 Problem formulation
In this subsection the problem formulation for a strong discontinuity will be described,
presenting the strong form as well as its weak form when the xFEM is used.
Strong form
Considering the arbitrary domain Ω shown in figure 2.2 the equilibrium equations and
boundary conditions and consequently the strong formulation of the problem are defined
according to Moe¨s, Dolbow & Belytschko in [20] as follows,
∇ · σ = 0 in Ω (2.1)
σ · n = t¯ on Γt (2.2)
σ · n = 0 on Γc+ (2.3)
σ · n = 0 on Γc− (2.4)
where n is the unit outward normal, σ is the Cauchy stress tensor and b is the body force
per unit of volume. Considering small displacements, the kinematics equations consists of
the strain-displacement relation,
ε = ε(u) = ∇su (2.5)
where ∇s is the symmetric part of the gradient operator. The boundary conditions of the
problem are given by:
u = u¯ on Γu (2.6)
The fundamental relation is stated by Hooke’s law:
σ = C : ε (2.7)
18
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where C is the Hooke tensor.
Figure 2.2: Body with internal discontinuity.
Weak form
In the previous subsection the strong form of a strong discontinuity was presented. In this
section will be described the weak form of the strong discontinuity problem. The weak
form for this case has been deduced based on the strong form of the problem by Moe¨s,
Dolbow and Belytschko [20]. The equation which describes the weak form of the problem
is, ∫
Ω
ε(u) : C : ε(v)dΩ =
∫
Ω
b · vdΩ +
∫
Γt
t¯ · vdΓ ∀v ∈ u0 (2.8)
where u0 is the test function space and t¯ is the traction forces vector. It is proved by
Belytschko an Black [18] that the equation 2.8 is equivalent to the strong form, equation
2.1, for approximations which use a nodal enrichment and that also satisfy the traction-free
boundary condition on the crack faces when the domain contain a crack.
2.1.3 Modelling a crack with local enrichment
Considering the weak form solution (2.8) and bearing in mind that the obtained solution is
valid to represent domains containing traction-free cracks, the applicability of enrichment
function which lead to a discontinuous displacement field along the crack and crack tips
will now be analysed.






where ui is the nodal displacement vector at the node i and φi is the shape function
associated with the same node.
Based on standard finite element method in which the crack is modeled by the struc-
tural mesh elements Moe¨s, Dolbow and Belytschko [20] presented a solution of modeling
a discontinuous displacement field, in the specific case a crack, using a Heaviside function
(”jump function”) H(x), shown in equation 2.11. When the enrichment is only made using
the jump function, the crack tip as to be coincident with an element edge otherwise the
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finite element method will not be capable of represent the displacement field ate the crack








where the first term on the right side of the above equation is the displacement field of the
elements which are not intersected by the crack, and the second term is the displacement
field of the elements which are intersected by the crack. The variable n represent the total
number of elements which are not intersected and will no be enriched, k is the total number
of nodes to be enriched and cj represent the additional degrees of freedom included in the
enriched sets of nodes.
H(x) =
{
1 for y > 0
−1 for y < 0 (2.11)
Figure 2.3a shows the case described above, in which the enriched nodes are the circled
ones, in other words are the nodes which belong to the elements intersected by the crack.
The value of H(x) function is equal to one if the element is above the crack or takes de
value of minus one if the element is situated below the crack.
(a) Schematic model of a crack modeling with
jump functions enrichment.
(b) Schematic model of a crack modeling with
jump functions and asymptotic functions
enrichment.
Figure 2.3
The process of local enrichment using the Heaviside function does not allow to simulate
cracks which are not coincident with an element edge as shown in figure 2.3b. In order to
simulate that type of cracks the enrichment process has to be modified and the asymptotic
crack tip functions have to be added to the equation 2.10.
The asymptotic crack tip functions according to Ha¨usler in [21] were originally estab-
lished for representation of the asymptotic crack tip field in element free Galerkin method.
Those functions are defined in the local polar coordinates r and θ and have the following
form and are represented in figure 2.4,
Φβ(xi) = Φβ(r, θ) =
{√








r · sin θ
2
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(a) Φ1(r, θ) (b) Φ2(r, θ)
(c) Φ3(r, θ) (d) Φ4(r, θ)
Figure 2.4: Representation of the asymptotic crack tip functions
According to Moe¨s, Dolbow and Belytschko [20] for edge crack as shown in figure 2.3b















where f is the total number of nodes to be enriched with asymptotic crack tip funtions,
in figure 2.3b are the squared nodes, and the variable dgβ are the additional degrees of
freedom that belong to the nodes which are enriched with asymptotic crack tip functions.
For a general case in which the crack has two tips, according to [20] the approximation


























where the third and the fourth members of the right side of the above equation correspond
to the nodal enrichment of the crack tips with the asymptotic functions. One example of a
domain containing crack which the solution can be approximated using the equation 2.14
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can be observed in figure 2.5 where an arbitrary crack is placed on a mesh domain and the
enriched nodes are identified, the circular ones are the nodes enriched with the Heaviside
function and the squared ones are enriched with the crack tip asymptotic functions.






Figure 2.5: Arbitrary crack placed on a mesh.
Numerical integration of the weak form
The standard finite element method uses in general the standard Gauss quadrature in or-
der to integrate the displacement field defined by the weak form of a continuous problem.
When the domain of integration becomes discontinuous the standard Gauss quadrature
may not adequately integrate the displacement field. Therefore Moe¨s, Dolbow and Be-
lytschko in [20] made a modification in the standard Gauss quadrature which consists of
dividing the elements intersected by the crack in triangles, as can be observed in figure 2.6,
in order to introduce additional degrees of freedom to better integrate the discontinuous
field above and below the crack edges. Those additional degrees of freedom are only for
integration purposes, they are not associated to a modification on the structural mesh.
Figure 2.6: Division of the elements cut by a crack in triangles in order to integrate the




In this chapter a brief introduction to the meshless methods will be done, more particularly
for the natural neighbour radial point interpolation method (NNRPIM).
3.1 Natural Neighbour Radial Point Interpolation Method
The natural neighbour radial point interpolation method (NNRPIM) is a meshless method
which is based on a local weak form. In this meshless method the nodal connectivity is
defined by the sub-domains which support the weak form of the problem. The Vorono¨ı
diagram is used in order to define the natural neighbours of a node. More details about
the nodal connectivity and the use of the Voron¨ı diagram for determination of the natural
neighbours are given by Azevedo in [22].
Figure 3.1 shows how the nodal connectivity is determined making use of the Vorono¨ı
diagram.
The first degree influence-cell define natural neighbours which are neighbours of the
chosen node. The second degree influence-cell is composed by nodes which are neighbours
nodes of the nodes which define the first degree influence-cell.
When a problem is analysed using the NNRPIM method, the first or second degree of
influence-cell can be chosen. Higher the degree of the influence cell, higher is the number
of nodes which are used to define the sub-domain.
Figure 2.4: Example of a Vorono¨ı diagram.
inside a fixed area (for 2D problems) or a fixed volume (in a 3D prob-
lem) [1]. This methodology has the following drawback: the size and shape
variation of these influence domains along the problem’s domain affect the
performance and solution of the meshless method [1]. In order to maximise
performance it is best that all the influence domains of the problem contain
approximately the same number of nodes [1].
In the NNRPIM the nodal connectivity is imposed by the overlapping of
the influence-cells [1]. The influence-cells are the equivalent of the influence
domain in other meshless methods. In this work the terms influence domain
and influence-cell are used interchangeably. Two types of influence-cells are
used:
• First degree influence-cell : composed by the first degree natural neigh-
bours of a given point of interest.
• Second degree influence-cell : composed by the first and second degree
natural neighbours of a given point of interest. The second degree nat-
ural neighbours are the natural neighbours of the natural neighbours
of a given point of interest.
In figure 2.4 a Vorono¨ı diagram and an example of each type of influence-cell
is presented.
2.1.3 Numerical integration
In the NNRPIM, the integration scheme is based on the Vorono¨ı tessel-
lation and Delaunay triangulation concepts [1]. The integration points are
16
Figure 3.1: Example of application of the Vorono¨ı diagram, figure 2.4 from [22]
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This is just a brief description of the NNRPIM metehod, Azevedo, [22], describes all
the procedures of the method, from the nodal connectivity to the integration process and




In this chapter the mechanical properties of the material used will be described. All
the specimens that were tested in the experimental component of this work were of an
aluminum alloy: AA6082 T6.
4.1 Fatigue properties for AA6082 T6
4.1.1 Mechanical properties
In this section the non-fracture mechanics related properties will be presented. The me-
chanical properties which are presented in table 4.1 are given in [23], [24] and [25].
AA6082-T6
Young modulus [E] /GPa 69
Yield strength [σY ield] /MPa >260
Ultimate strength [σU ] /MPa 310
Poisson ratio 0.33 [26]
Table 4.1: Mechanical properties of the aluminium alloy 6082-T6.
4.1.2 Fatigue propagation laws
In order to prepare the experimental procedure and determine the load which will be used
to obtain the experimental results it is needed to characterize the used material. Using
the NASGRO software it is possible to obtain da/dN as a function of ∆K for the used
aluminum alloy (AA6082 T6) and from that curve the constants needed to characterize
the Paris for the given material can be determined.
As it can be observed in figure 1.6, the Paris law is a partial representation of the
NASGRO fitting curve, therefore consulting the available data from the NASGRO material
database and from the respective fitting curve, for the interval where the relationship is
linear (region II of figure 1.2), it is possible to read two values and determine the Paris
law constants for the chosen material. The chosen values are presented in table 4.2.
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Matching the two pairs of values of the table 4.2 with the equation 1.6 it is possible to
determine the values of C and m which allow to characterize the Paris law for the AA6082.
The values of C and m are:
C = 85.41 · 10−15
m = 3.76
Therefore the Paris law which is given by equation 1.6 can now be written as follows,
da
dN
= 85.41 · 10−15 ·∆K3.76 (4.1)
In figure 4.1 the NASGRO and the Paris law curves for the used aluminum alloy are
shown. The load ratio is equal to 0.1, the load ratio used in the experimental procedure.
Figure 4.1: NASGRO fitting curve and Paris law approximation curve.
Crack propagation domain limits
The values of the fracture toughness stress intensity factor and of threshold stress intensity
factor are not easily found in the literature, nevertheless they can be estimated for the
given material consulting the NASGRO database material.
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The higher value of the NASGRO database for the range of the stress intensity factor
was used to estimate the value of the fracture toughness of the material. The lowest value
of the same material database was used to estimate the threshold value. The values are:
∆Kmax = 1177.9 MPa
√
mm ∆Kmin = 123.6 MPa
√
mm




Kmax −Kmin = ∆K = 0.9 ·Kmax
(4.2)
The values of the fracture toughness and threshold stress intensity factor are the values
of Kmax resulting from solving the system of equations present in 4.2 for the values of
∆Kmax and ∆Kmin. The resulting values are the following,
Kc ∼= 1295.7 MPa
√
mm (4.3)




Kc ∼= 41 MPa
√
m (4.5)







Abaqus implementation and preliminary studies
Now that the extended finite element method as been presented it is important to describe
its implementation in the numerical models of the present work.
In this chapter, some preliminary studies will also be made in order to ensure that the
defined parameters lead to reasonable results which will allow to compare the numerical
and the experimental results that will be presented.
5.1 Abaqus implementation
Some crucial aspects have to be mentioned and explained in order to fully characterize
the extended finite element method implementation in Abaqus. Some of those aspects are
the crack propagation criterion, material properties as well as the laws used to determine
equivalent stress intensity factors.
5.1.1 Material Properties
In this section the material properties used in numerical models will be defined. As the
numerical models and experimental tests only include linear elastic fracture mechanics
considerations, there is no need to characterize the plastic behavior of the used material.
All the mechanical properties used to define the numerical models were already presented
in the previous section, more precisely in table 4.1. The first mechanical properties to be
defined are the Young modulus and the Poisson ratio followed by the ”Damage for Traction
Separation laws”. In figure 5.1 are shown printscreens of Abaqus. The damage evolution
for traction separation laws fields is shown in figure 5.1a, and the damage evolution sub-
option definitions in figure 5.1b.
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(a) Damage evolution for traction separation laws fields.
(b) Damage evolution suboptions definitions.
Figure 5.1: Defined mechanical properties for numerical models.
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where f is the fracture damage criterion, Gequiv is the equivalent strain energy release
rate calculated at the node and Gequivc is the critical equivalent energy release rate which
is calculated based on the mixed-mode behavior parameter. The available laws are three
and are summarized below.
• BK law
The BK law according to Abaqus manual [27] is described by the following equation






In order to define a model using the mixed-mode law of the previous equation, GIc ,
GIIc , GIIIc and η should be provided.
• Power law



















Therefore it is necessary to define: GIc , GIIc , GIIIc , αm, αn and αo.
• Reeder law
The Reeder law is given in [27] by the following equation:















This model requires as an input the values of GIc , GIIc , GIIIc and η. It is only
available for three-dimensional problems and in case the value of GIIc is equal to the
value of GIIIc ,it becomes similar to the BK law described by equation 5.2.
As it has been defined in section 4.1.2 the fracture toughness for mode I is approxi-
mately
KIc = 1295.7 MPa ·
√
mm
which according to equation 1.3 corresponds to a value of critical energy release rate for
mode I of,
GIc = 23.98 MJ ·mm−1
Since the mode II fracture toughness of a metal is hard to determine experimentally,
it will be assumed that its value is half of the value of KIc , therefore
KIIc = 647.85 MPa ·
√
mm
which implies that the critical energy release associated with mode II is,
GIIc
∼= 6 MJ ·mm−1.
For mode III the value of fracture toughness will be the same as the value of KIc . Since
it won’t interfere in the crack path or in the propagation of the crack, this loading mode
will not be studied.
31
5. Abaqus implementation and preliminary studies
5.1.2 Crack properties definition
First thing to do in this step of the numerical model definition is to define the crack domain.
This domain can establish the set of nodes to be enriched with the nodal enrichment
functions and it can be defined as the entire model or just a determined partition of the
model. Then the crack location and the used option, can be chosen because in the studied
cases there was a fatigue pre-crack which is the crack location on the numerical model;
or instead let Abaqus determine the crack location making use of the crack initiation
conditions which can be defined by the user, if that is the case.
After defining the geometrical aspects of the crack it is necessary to define its fracture
mechanics properties: propagation law and its characteristics. The fracture propaga-
tion criterion available in Aabqus are: virtual crack closure technique (VCCT), enhanced
VCCT or a user defined criterion.
Virtual Crack Closure Technique
The VCCT propagation criterion is based on linear elastic fracture mechanics (LEFM) so,
it should be used when a brittle crack propagation along predefined surfaces occurs, [27].
The VCCT is based on the premise that the strain energy released when a crack propagates
a precise quantity is the same that is needed to close the crack the same quantity. This
technique and its application using the finite element method is mentioned in Abaqus
documentation [27] and by Krueger in [17].
For this propagation criterion the mixed mode laws are the same which has been
defined in the previous section and the fracture criterion the one defined in equation 5.1.
Enhanced VCCT
This criterion is very similar to the original VCCT criterion; the main difference between
the two criteria is the fracture criterion. In this criterion two critical fracture energy release
rates can be defined: Gc for the onset of a crack and the G
P
c for the growth of a crack.
Citing the Abaqus manual when the enhanced VCCT criterion is used in the most general
case involving all the loading modes, the quantity of dissipated energy associated with
the crack propagation is controlled by the equivalent strain energy release rate necessary
to propagate the crack, GPequiv, rather than by the equivalent strain energy release rate
to initiate the crack, Gequivc . The equations and criteria used to calculate the G
P
equiv are
similar to those used for Gequivc .
Low-cycle fatigue
The low-cycle fatigue1 criterion is based upon the Paris law. This criterion only can be
used in a low-cycle fatigue analysis using the direct cyclic approach. The stress intensity
factors and consequently the strain energy release rates are calculated based on the virtual
crack closure technique.
The Paris law can only be applied between some well defined values for the stress
intensity factor as has been mentioned in section 1.2.1, therefore in figure 5.2 is shown the
curve used by Abaqus, where Gth is the threshold value for the energy release rate, Gpl is
the value of the upper limit for the Paris law and Gc is the equivalent critical energy release
1The low-cycle fatigue designation is commonly associated with fatigue studies correlating cyclic plastic
deformation and number of cycles to rupture. Nevertheless, Abaqus documentation uses this term for
fatigue crack propagation studies; in the present thesis that meaning is used.
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rate which is calculated based on the user specified mixed-mode behavior, the mixed-mode
behavior options are the same which as been defined above.
Figure 5.2: Fatigue crack growth law used in a low-cycle fatigue approach based on Paris
law, figure from Abaqus documentation [27]
This propagation criterion it is not a default option so it has to be manually introduced
in the input file of the model. The code lines available in Abaqus documentation [27], and
that must be used, in case of the mixed-mode behavior is BK or Power, are represented
above, where the c1 and c2 constants are determine the crack initiation, c3 and c4 are
the Paris law constants for the used material, r1 is given by fracGthGc and according
to Abaqus documentation [27] its default value is 0.01 , r2 is given by
Gpl
Gc
and it is also
mentioned in [27] that its common value is 0.85, GIc , GIIc and GIIIc are the critical energy
release rate for each loading mode, and n is the exponent used in the mixed mode behavior.
fracture criterion, type=fatigue, mixed-mode behavior=BK/Power, tolerance=tol
c1,c2,c3,c4,r1,r2,GIc,GIIc,
GIIIc,n
Now, according to the code lines presented above, the used code lines with all parameters
defined are presented.
fracture criterion, type=fatigue, mixed-mode behavior=BK, tolerance=0.1
0,0,85*10^-15,3.76,0.00,0.85,23.98,6,
23.98,1
The values of c1 and c2 are defined as zero because they only are used to determine the





therefore if they are equal to zero implies that the above condition is always satisfied once
the variable f will tend to infinite.
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5.2 Preliminary studies
As the main objective of this thesis is to study the crack propagation path under mixed
mode loading, it is important to do some preliminary studies which the solution is already
known. Therefore the solution obtained with Abaqus can be compared with the known
solution and the accuracy of the software is evaluated.
A considerable part of the experimental tests and numerical model which will be studied
in this thesis work involve mixed-mode crack propagation induced by adding holes to a
standard compact tension specimen. The preliminary study which will be presented is the
comparison between the Abaqus solution and the solution presented by Rubinstein in [28].
In his work Rubinstein studies the influence of adding a hole to infinite plate containing
an edge crack, as shown in figure 5.3.
292 A.A. Rubinstein 
4 4 4 4 4 
Geometry of the specimen 
in Figure 2. 
i i i 6 i 
a) 
4 4 4 4 4 
Reference geometry 
b) 
Fig. 1. Geometry of the specimen, (a) actual specimen, (b) the definition of the reference crack. 
CRACK PATH TRAJECTORIES 
0 1 2 3 4 5 6 
X/R 
Fig. 2. Experimental crack path trajectories (data for these trajectories were supplied by authors [l]) 
Figure 5.3: Infinite plane containing a edge and a hole, figure 1 a) of [28].
The highlighted area in figure 5.3 is shown in figure 5.4. The paths presented in this
figure will be used as a comparison therm for the obtained crack path solutions using
Abaqus. It has to be noticed that the crack paths presented as well as the ones which will
be determined using numerical models, are obtained considering that the area of crack-
hole influence is considerably smaller than the crack length, and smaller than the plate
width; and that the ratio of the hole diameter and the plate width is 0.15, d/W = 0.15
where d is the hole diameter and W is the plate width.
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Fig. 1. Geometry of the specimen, (a) actual specimen, (b) the definition of the reference crack. 
CRACK PATH TRAJECTORIES 
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X/R 
Fig. 2. Experimental crack path trajectories (data for these trajectories were supplied by authors [l]) 
Figure 5.4: Crack path predictions presented by Rubinstein in [28], figure 2 from [28]
The used numerical model based on figure 5.3 and in the considerations related above
is shown is figure 5.5, the distance between the notch of the plate and the center point of
the hole is equal to 4 · r, where r is the radius of the hole. Therefor the distance between
the notch and the center point of hole is 30 mm. The remaining 5 mm are used to simulate
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Figure 5.5: General dimensions of the numerical model.
In the numerical simulations the cases 2 and 5 of figure 5.4 will be studied. These are
the most interesting ones in order to predict the mixed mode crack path. The meshed
numerical model will similar to all of the numerical models, therefore the meshed model
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can be observed in figure 5.6. The crack domain is meshed using a free mesh technique
and all of the used elements are linear quadrilateral elements.
Figure 5.6: Meshed model of the infinite plate containing a hole.
The boundary conditions of the numerical model are exactly the same as shown in figure
5.3 and just one node has the horizontal displacement locked in order to fully constrain
the model.
In figure 5.7 the numerical results from the Abaqus models are shown. It can be
noticed that the use of plane stress elements is the appropriate for the case study. Since
the first numerical models were the ones for case 5 for case 2 the numerical model using
plane strain elements has not been done.
Figure 5.8 shows the comparison of the crack paths obtained with the numerical models,
using plane stress elements, with the crack path from reference [28], which are shown in
figure 5.4.
It can be noticed that the numerical models show a satisfactory agreement with the
solution given in figure 5.4. The numerical models show a more precise solution for case 2
rather than for case 5. Also has to noticed be that the process to extract the crack path
can increase the difference between the numerical models and the reference path.
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(a) 2D model for case 5 using plane strain
elements.
(b) Numerical results for case 5 using plane
stress elements.
(c) Numerical results for case 2 using plane
stress elements.
Figure 5.7: Numerical results from Abaqus models.
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Figure 5.8: Comparison between the crack path from reference [28] and the numerical
crack paths.
Nevertheless the results from the numerical models show the right tendency so it
allows to conclude that the extended finite element method is a good tool to predict




Stress Intensity Factor calibration curve
Since this research requires the calculation of stress intensity factors (SIF) for complex
situations using the finite element method (FEM), it was decided to evaluate the accuracy
of the FEM in the determination of the SIF values using well documented cases: CT and
3PB specimens loaded in mode I.
The calibration curve for the specimens of interest was carried out using FEM, and
compared with the ASTM E399 standard calibration.
The analyses using FEM were made using the virtual crack closure (VCCT) and the
J integral tecnhiques which has been described before.
In the FEM analyses two different types of plane stress elements were used: four nodes
linear elements and four nodes quadratic elements in order to compare which type of
elements has better accuracy when compared with the ASTM E399 standard equation.
6.1 SIF calibration curve for Compact Tension specimen
For the compact tension (CT) specimen the geometry as well as its dimensions are shown
in figure 6.1 presented below. The width of the specimen (W) is 80 mm, and the notch
has 36 mm.
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Figure 6.1: Dimensions of the studied CT specimen
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The meshed model can be observed in figure 6.2. The utilized mesh consists of 1809
elements which corresponds to 57506 nodes if the used elements are quadratic (CPS8R),









Figure 6.2: Meshed model of the CT specimen
In order to model the crack, the ”seam” feature was used, and the total number of
measured points was sixteen, corresponding to a maximum crack length of 64 mm and
increments of the crack length of 3 mm.
Table 6.1 shows the values of the non-dimensional stress intensity factor obtained with
the four nodes elements using the VCCT and the J integral, as well as with the expression
from the ASTM E399 standard, where %1 and %2 are the percentage differences between
the VCCT and ASTM E399 standard equation, and the J integral and the ASTM E399
standard equation, respectively.
Table 6.2 shows the values for the non-dimensional stress intensity factor obtained
with the eight nodes element using the VCCT and the J integral techniques as well as the
percentage difference between the FEM model and the ASTM E399 standard equation.
Where %3 and %4 are the percentage difference between the VCCT and J integral
techniques when compared with the ASTM E399 standard equation results, respectively.
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Table 6.1: Non-dimensional SIF values for the different FEM analyses using CPS4R
elements, and for the ASTM E399 standard equation.
VCCT J Integral ASTM E399
a
w f(a/w) f(a/w) f(a/w) %1 %2
0.24 4.76 4.76 4.76 0.09 0.09
0.28 5.27 5.27 5.27 0.07 0.01
0.31 5.81 5.81 5.81 0.02 0.01
0.35 6.39 6.39 6.39 0.03 0.02
0.39 7.03 7.03 7.04 0.24 0.08
0.43 7.76 7.76 7.78 0.36 0.25
0.46 8.61 8.61 8.64 0.40 0.39
0.50 9.62 9.62 9.66 0.33 0.39
0.54 10.85 10.85 10.89 0.27 0.39
0.58 12.39 12.38 12.42 0.14 0.34
0.61 14.33 14.32 14.35 0.06 0.21
0.65 16.85 16.83 16.86 0.05 0.13
0.69 20.20 20.19 20.19 0.08 0.02
0.73 24.79 24.77 24.77 0.05 0.00
0.76 31.34 31.30 31.32 0.06 0.06
0.80 41.04 41.12 41.20 0.38 0.21
Table 6.2: Non-dimensional SIF values for the different FEM analyses using CPS8R
elements and for the ASTM E399 standard equation.
VCCT J Integral ASTM E399
a
w f(a/w) f(a/w) f(a/w) %3 %4
0.24 4.76 4.76 4.76 0.01 0.02
0.28 5.27 5.27 5.27 0.05 0.05
0.31 5.81 5.81 5.81 0.08 0.08
0.35 6.37 6.38 6.39 0.26 0.08
0.39 7.03 7.03 7.04 0.21 0.20
0.43 7.75 7.75 7.78 0.35 0.35
0.46 8.60 8.60 8.64 0.48 0.48
0.50 9.60 9.61 9.66 0.57 0.55
0.54 10.84 10.83 10.89 0.50 0.51
0.58 12.36 12.36 12.42 0.46 0.47
0.61 14.26 14.30 14.35 0.61 0.35
0.65 16.81 16.81 16.86 0.29 0.29
0.69 20.14 20.14 20.19 0.22 0.23
0.73 24.71 24.71 24.77 0.26 0.23
0.76 31.21 31.21 31.32 0.35 0.34
0.80 40.90 40.97 41.20 0.73 0.56
The percentage difference between FEM and ASTM E399 standard equation has been






6. Stress Intensity Factor calibration curve
The small percentage difference between methods indicates that the finite element
method is a good way to determine stress intensity factors. Also it can be concluded that
the difference is greater when using the CPS8R elements, which was not to be expected
since it has more integrations points so the results should be more accurate. Nevertheless,
the percentage difference is very small, around 0.6%, which validate the solutions obtained
with the FEM models.
Figure 6.3 shows the ASTM curve for the non-dimensional stress intensity factor and
the points that result from the FEM analyses, as function of a/W . The percentage dif-
ference between the FEM models and the values of the equation provided by the ASTM
E399 standard are given as function of a/w in figure 6.4.
Figure 6.3: Non-dimensional SIF values obtained with FEM and the curve from ASTM
E399 standard equation.
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Figure 6.4: Percentage difference between the FEM results and the ASTM E399
standard equation.
6.2 SIF calibration curve for Three Point Bend specimen
The three point bend (3PB) specimen geometry and dimensions are shown in figure 6.5,
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Figure 6.5: Three point bend specimen geometry and dimensions.
The used model can be observed in figure 6.6. The process to determine the non-
dimensional stress intensity factors is very similar to the process used for the CT specimen.
In this case the mesh was constituted by 26361 elements. If the mesh utilizes linear quadri-
lateral elements (CPS4R) it has 26821 nodes; if the elements are quadratic quadrilateral
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Figure 6.6: Three point bend meshed model.
The initial crack length has 13 mm which corresponds to an initial increment of 3
mm, the crack length is determined by sum the notch dimension with the length of the
propagated crack. The other increments have the value of 2 mm and the final value of the
crack length is 35 mm, for a total of 12 measuring points.
Table 6.3 shows the values obtained with the FEM analyses, using the CPS4R elements,
and with the ASTM E399 standard equation for the 3PB specimen. The table also shows
the difference between FEM and ASTM E399 standard equation, where %5 and %6 are
respectively the percentage differences between the VCCT and J integral results compared
with the ASTM E399 standard equation values.
Table 6.3: Non-dimensional SIF values for the different FEM analyses using CPS4R
elements and for the ASTM E399 standard equation.
VCCT J Integral ASTM E399
a
w f(a/w) f(a/w) f(a/w) %1 %2
0.33 1.47 1.61 1.62 9.16 0.48
0.38 1.65 1.84 1.85 11.04 0.53
0.43 1.99 2.11 2.13 6.38 0.62
0.48 2.45 2.45 2.46 0.72 0.70
0.53 2.87 2.87 2.89 0.75 0.74
0.58 3.41 3.41 3.43 0.71 0.67
0.63 4.41 4.14 4.16 0.64 0.53
0.68 5.16 5.17 5.18 0.33 0.29
0.73 6.67 6.68 6.67 0.05 0.08
0.78 8.62 9.08 9.04 4.61 0.37
0.83 11.90 13.30 13.22 10.01 0.63
0.88 20.40 22.17 21.99 7.25 0.80
Table 6.4 shows the values obtained with the FEM analyses, using the CPS8R elements,
and with the ASTM E399 standard equation for the 3PB specimen. The table also shows
the difference between the FEM results and the ASTM E399 standard equation, where
%7 and %8 are respectively the percentage differences between the VCCT and the J
integral results compared with the ASTM E399 standard equation values.
The behavior of the non-dimensional stress intensity factor with the increase of the
relation a/W can be observed in figure 6.7, where the results obtained with the finite
element method and the curve from the ASTM E399 standard equation are presented.
Figure 6.8 shows the percentage difference distribution as function of a/W . Analyzing
the error it can be concluded that in the case of 3PB specimen the VCCT technique shows
a large dispersion when the a/W ratio is small; the same happens when it gets bigger,
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Table 6.4: Non-dimensional SIF values for the different FEM analyses using CPS8R
elements and for the ASTM E399 standard equation.
VCCT J Integral ASTM E399
a
w f(a/w) f(a/w) f(a/w) %1 %2
0.33 1.47 1.61 1.62 9.09 0.74
0.38 1.64 1.84 1.85 11.25 0.78
0.43 1.97 2.11 2.13 7.37 0.90
0.48 2.44 2.44 2.46 1.04 1.02
0.53 2.86 2.86 2.89 1.10 1.08
0.58 3.40 3.40 3.43 1.09 1.09
0.63 4.12 4.12 4.16 1.01 0.98
0.68 5.14 5.14 5.18 0.84 0.82
0.73 6.63 6.63 6.67 0.65 0.61
0.78 8.62 9.01 9.04 4.64 0.36
0.83 11.78 13.22 13.22 10.86 0.04
0.88 20.00 21.90 21.99 9.07 0.41
Figure 6.7: Non-dimensional SIF values obtained with FEM and the curve from the
ASTM E399 standard equation.
which leads to a considerable percentage difference for values of a/W that do not belong
to the range between 0.48 and 0.73.
When the J integral technique is used the results are always similar to the values of the
ASTM E399 standard equation.
It can be concluded that the finite element method can be used to determine stress
intensity factors for the 3PB specimen when the J integral technique is used. In case the
chosen technique were the VCCT, the values of a/W should be between 0.48 and 0.73 in
order to have values more identical to the values of the equation provided by the ASTM
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Experimental validation procedure: pre-cracking
It was necessary to prepare the specimens before do the experimental procedure in order to
determine the crack path under mix mode conditions. This preparation consists of adding
a fatigue pre-crack grown under mode one loading. The recommendations of the ASTM
E399 standard, [29], and BSI DD 19:1972 procedure, [30], were followed for this purpose.
7.1 Determination of the pre-cracking load
To ensure that the plastic region in the crack tip is small enough so it will not affect
the mechanical properties of the material when the crack propagations test starts, it is
necessary that during the fatigue pre-cracking process, in mode I, the value of the stress
intensity factor, KI do not exceed some reference values. According to ASTM E399
standard, [29], the maximum value for the stress intensity factor, Kmax, during the process
of fatigue pre-cracking shall not exceed 80% of the estimated value for the stress intensity
factor KQ. When the value of Kmax is determined, it is possible to calculate the load
Pmax which will make the crack grow but ensures that the plastic zone will remain small.
Another way to determine the value of Kmax exists, according to BSI DD19:1972
procedure, [30]. The value of KI during the pre-cracking propagation should satisfy the
condition of equation 7.1.
K < 0.63σY ieldB
1
2 (7.1)
7.1.1 Compact tension specimen
Determination of Pmax according to ASTM E399 standard











where B is the thickness of the specimen, W is the specimen width and f (a/W) is the
























7. Experimental validation procedure: pre-cracking
The length of the fatigue pre-crack according to ASTM E647 standard, [31], for the
CT specimen must satisfy the next conditions,
ai = 0.1B
ai = h (7.4)
ai = 1mm
The fatigue pre-crack takes the greater value of the three. The variable h corresponds
to the height of the notch.
For the CT specimen that is being studied, B = 2 mm and h = 3 mm, so the minimum
value of the fatigue pre-crack will be 3 mm. The value of a used in equation 7.3 is given by
the sum of the length of the fatigue pre-crack plus the distance an, as it can be observed
in figure 7.1.
Figure 7.1: Notch detail. Source: ASTM E647, [31].
With all dimensions defined, as shown in figure 6.1, the value of maximum fatigue
load Pmax can be calculated. In order to determine the non-dimensional stress intensity
factor the length of the fatigue pre-crack will be two times bigger than the minimum value
determined according to the condition of equation 7.4. Therefore the crack length used
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For the used material the value of KQ will be equal to the value of Kc given by the
equations 4.3 or 4.5. Affecting it by a safety factor of 2 in order to guarantee that the
load Pmax do not cause a large plastic deformation ahead of the crack tip, the value of the
estimated fracture toughness is KQ = 20.5 MPa
√
m. Multiplying the value of KQ by 0.8
the value of Kmax is determined, which takes the value of 16.4 MPa
√
m.
Using the equation for the stress intensity factor for the CT specimen, equation 7.2,
the value of the maximum pre-cracking fatigue load can be calculated, as follows:
16.4 · 106 = Pmax
20 · 10−3 · (80 · 10−3) 12
· 5.2655 (7.5)
Solving equation 7.5 results,
Pmax = 17619 N
Determination of Pmax according to BSI DD 19:1972 procedure
According to this standard the maximum value of the stress intensity factor during the
fatigue pre-crack process is given by equation 7.1, therefore,
Kmax < 0.63 · 260 ·
(
20 · 10−3) 12 (7.6)
which results in a value of Kmax equal to 23.16 MPa
√
m.
Matching the result of equation 7.6 and the equation for the stress intensity factor of
the CT specimen, equation 7.2, the maximum fatigue load Pmax according to this standard
is determined by solving,
23.16 =
Pmax
20 · 10−3 · (80 · 10−3) 12
· 5.2655 (7.7)
From the resolution of the equation 7.7 the maximum value for the fatigue pre-crack load
is 24881 N.
7.1.2 Three points bend specimen
The maximum fatigue load Pmax using the calculation methods of the ASTM E399, [29],
and of BSI DD 19:1972, [30], standards will now be determined for the 3PB specimen.









where S is the distance between supports during the pre-crack procedure and, the non-










1.99− ( aw) · (1− aw) · [2.15− 3.93 aW + 2.7 ( aW )2]
2 +
(
1 + 2 · aw
) · (1− aW ) 32 (7.9)
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The 3PB specimen being studied is shown in figure 7.2; its geometry is slightly different
from the geometry shown in figure 6.5. The difference consists of a change in the width
of the specimen. For the geometry used in section 6.2 the width was 40 mm and for the
present geometry it is 60 mm. This modification was made because the crack deviation
due to mixed-mode loading is more visible for the 60 mm width specimen. In this case
the length of the fatigue pre-crack will also be at least 3 mm, therefore and according to
the considerations taken to determine Pmax for the CT specimen, the fatigue pre-crack
length used for calculations was 6 mm, which implies that the crack length a, utilized on
the determination of the maximum fatigue load was 16 mm.
Figure 7.2: Three point bend specimen
Determination of Pmax according to ASTM E399 standard, [29]
For the 3PB specimen of interest and for the given initial crack length the non-dimensional






The value of the variable S, according to the ASTM E399, [29], is equal to 4 ·W which
results in a value of 240 mm, for safety reasons, since the displacement of the specimen
is not constrained in the horizontal direction if the distance between supports was of 240
mm only remains 5mm of material on each side of the specimen what could cause the
specimen to slide of the supports; and limitation of the specimen length the variable S
will take the value of 230 mm. As the material of the CT specimen is the same of the 3BP
specimen the value of the estimated fracture toughness is the same for both, KQ =20.5
MPa
√
m. Bearing in mind the safety factor used in the calculation of Pmax for the CT
specimen, this implies that the maximum value for the stress intensity factor during the
pre-crack process will be the same as the one used for the CT specimen.
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Therefore the value of the maximum fatigue load is given by,
16.4 · 106 = Pmax · 230 · 10
−3
20 · 10−3 · (40 · 10−3) 32
· 1.3973 (7.10)
resulting in a value for
Pmax ∼= 15000N
Determination of Pmax according to the BSI DD19:1972 procedure, [30]
Applying the same calculation procedure as it was used for the CT specimen the value of
Pmax is given by,
23.16 =
Pmax · 230 · 10−3
20 · 10−3 · (40 · 10−3) 32
· 1.3973 (7.11)
Solving the equation 7.11 returns that,
Pmax = 21183N
.
In both cases, CT and 3PB specimens, the used value for Pmax was the lower value
obtained for each specimen, which corresponds to a value of 17619 N for the CT specimen
and 15000 N for the 3PB specimen. It is also noticed that the value of Kmax is the same
for both specimen, because it only depends on the mechanical properties of the material
and on the thickness of the specimen, which are the same for both.
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Chapter 8
Experimental validation procedure: crack-paths
All the steps of the experimental validation of the finite element method (FEM) models,
will be presented in this chapter. The obtained experimental results will be now be pre-
sented and analysed. As mentioned before two different types of specimens were used.
In the following subsections the final and used geometry, will be shown as well as the
experimental results for each one.
8.1 Compact tension specimen - modified geometry
For the compact tension specimen, two different configurations where used in order to have
different crack paths in each case and have more case studies to better validate (or not)
the numerical model. Both configurations have the same origin, which is adding an hole
to the CT specimen. The differences between them are the hole center point coordinates
and the hole diameter. Figure 8.1 shows the hole center coordinates as well as the hole
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(b) CT specimen 16 mm hole configuration.
Figure 8.1: CT specimen configurations.
Figure 8.2 shows the maximum principal stress field in a compact tension specimen
without additional hole and in a compact tension specimen with an additional hole, those
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stress fields were obtained for the same crack length as well as for the same load amplitude.
Using the J integral technique to determine the stress intensity factors for both repre-
sented situations the values are presented in the above table.
Therefore analysing the values of KII it can be concluded that mode II loading is
imposed by the additional hole.
Before conducting the fatigue tests to observe the crack path propagation on the mod-
ified specimens, it is necessary to evaluate the cyclic load for stable propagation.
(a) CT specimen 10 mm hole configuration
maximum stress field representation.
(b) Standard CT specimen maximum principal
stress field representation.
Figure 8.2: CT specimen maximum principal stress (MPa) field distribution for different
configurations.






Model 8.2b 107.2 ∼= 0
Model 8.2a 112.1 −2.4
8.1.1 Determination of the maximum fatigue load during the crack prop-
agation
According to the NASGRO material database, a crack growth rate approximately of 1
mm per 10 000 cycles is associated with a value of ∆K equal to 260 MPa·√mm. Utilizing
equations 7.2 and 7.3 it is possible to calculate the load related with this crack growth
rate and the initial conditions of the specimen such as the fatigue pre-crack length and
dimensions. The fatigue pre-crack for the studied specimens has a mean length of 6 mm;






Consequently the result of equation 7.2 is,
Ppropagation = 17115N (8.2)
and applying a safety factor of 2 the applied load is approximately of 8500 N. The safety
factor is applied because the material is not perfect and can contain some internal defects
such as inclusions and it has to be taken in account that residual stress due to manufac-
turing process of the specimen may exist.
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8.1.2 Experimental setup
Since mode II loading is only due to the additional hole, as it has been proved above by the
results presented in table 8.1, the experimental setup is the same for the fatigue pre-crack
propagation and for the crack propagation test and it is shown in figure 8.3.
Figure 8.3: Experimental setup used for CT specimens.
8.1.3 Experimental crack path
The experimental crack paths are shown in figure 8.4 for both configurations. As it can
be observed, in both cases the crack goes through the additional hole.
(a) CT specimen 10 mm hole configuration
experimental crack path.
(b) CT specimen 16 mm hole configuration
experimental crack path.
Figure 8.4: CT specimen crack path for different configurations.
Figure 8.5 shows the crack surface for both configurations. From the analysis of figures
8.5a and 8.5b it can be concluded that for the specimen with a 16 mm hole diameter the
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propagation near the hole is unstable, and it can be observed the formation of ”shear lips”,
which are an indication of plane stress crack propagation.
(a) CT specimen 10 mm hole configuration
experimental crack surface.
(b) CT specimen 16 mm hole configuration
experimental crack surface.
Figure 8.5: CT specimen crack surface for the studied configurations.
8.1.4 Numerical models and results
The numerical models and results will now be presented. Firstly the numerical model of
the CT specimen which contains the 10 millimeter diameter hole will be presented, as well
as a comparison between the numerical and experimental paths for this configuration.
Three-dimensional numerical models and results of the CT specimen with a
10 millimeter diameter hole.
Figure 8.6 shows the meshed models used to predict the crack path using the extended
finite element method. The model represented in figure 8.6a is constituted only by a
structured mesh where the crack domain contains elements with one millimeter length.
(a) Meshed model of a CT specimen 10 mm
hole configuration, using a structural mesh on
the crack domain.
(b) Meshed model of a CT specimen 10 mm
hole configuration, using a free mesh on the
crack domain.
Figure 8.6: CT specimen crack surface for the studied configurations.
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On the other hand the model represented in figure 8.6b was meshed using as mesh
control technique ”free” on the crack domain regions, all the other regions were meshed
using the structured technique.
It was to be expected that the results of the numerical models should be at least similar,
independently of the used mesh control technique but the results are very different as it
is shown in figure 8.7.
(a) Crack path for a full structural mesh
control technique meshed model.
(b) Crack path for a free mesh control
technique on the crack domain.
Figure 8.7: Numerical crack paths for a CT specimen with a 10 millimeter hole.
The crack path obtained with the model represented in figures 8.6a and 8.7a do not
need a deeper comparison with the experimental path since it is completely different. This
difference probably can be explained by the different type of enrichment functions used to
calculate the stress intensity factors at the crack tip.
A completely different result was obtained with the model represented in figures 8.6b
and 8.7b. In this case a more detailed comparison between the numerical and experimental
results can be interesting. In order to do this comparison, the crack path points for each
case were represented in the same plot, as it is shown in figure 8.8. As can be observed
the 3D numerical model when using as mesh control technique, for the crack domain, free,
shows a good agreement with the crack path obtained experimentally.
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Figure 8.8: Crack path comparison between the path the model represented in figure
8.7b and the experimental path.
Two dimensional numerical models and results of the CT specimen with a 10
millimeter diameter hole.
Now the results for the CT specimen with an additional hole of 10 mm will be presented for
two-dimensional numerical models. The two-dimensional numerical models were executed
using two different methods, the extended finite element method, implemented in Abaqus,
and the NNRPIM method, a meshless method as has been described above. As shown
in the previous section, the numerical results for three-dimensional numerical models has
a good agreement when compared with the experimental results, nevertheless if the two-
dimensional numerical models also has a good agreement with the experimental results, it
is possible to save computational time and consequently reduce the costs related to it.
Figure 8.9a shows the two-dimensional crack path. It can be observed that the path
is very similar to the experimental path as shown in figure 8.4a. In order to have a better
perception of the agreement between the two-dimensional model crack path results and
the experimental crack path results, a comparison similar to the one made in figure 8.8 will
be made for the present results. As can be observed in figure 8.10, the crack path resulting
of the two-dimensional model is very similar to the one obtained in the experimental test.
There is only one problem in the two-dimensional model crack path because it does not
goes through the hole, figure 8.9a, which is not a realist representation but, this deviation
happens on a point close to the hole so it allows to have a good perception of what will be
the crack-path for the studied situation. The crack path resulting of the NNRPIM method
shows that the crack path will be affected by the hole but also shows a bigger sensitivity
to the effects of adding a hole to the specimen, since the crack intersects the hole earlier
when compared with the experimental results.
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(a) Two-dimensional model crack path for a
CT specimen with a 10 mm hole.
(b) Two-dimensional model crack path for a
CT specimen with a 10 mm hole, using the
NNRPIM method.
Figure 8.10: Crack path comparison between the path the 2D model represented in
figure 8.9a and the experimental path.
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Three-dimensional numerical models and results of the CT specimen with a
16 millimeter diameter hole.
The results of the 3 dimensional numerical models for the Ct specimen with a 16 mm hole
will now be presented. Figure 8.11a shows the results of the numerical models where it is
used a structured mesh and figure 8.11b shows the crack path result for a numerical model
which use a unstructured mesh on the crack propagation domain.
(a) Crack path for a full structural mesh
control technique meshed model.
(b) Crack path for a free mesh control
technique on the crack domain.
Figure 8.11: Crack path solution for the CT specimen with a 16 mm hole, 3D numerical
models.
For this case both models show a good agreement with the experimental crack path
result. It may occur because the hole influence on the stress field is bigger than in the
case where a 10 mm hole is used, so the numerical model has more capability to predict
the influence of the hole on the crack path. Therefore, a more precise comparison between
the numerical and experimental results may be performed. Figure 8.12 shows the plot of
the crack path resulting of the experimental procedure and, the results form the numerical
models.
Analysing figure 8.12 it is possible to conclude that the model which uses a structured
mesh on the crack propagation domain is also an acceptable solution for the problem,
nevertheless the model which uses an unstructured mesh on the crack propagation domain
is a more accurate solution when compared with the result obtained experimentally. It
also can be noticed that the numerical solution for the present case is more precise than for
the case of the CT specimen with a 10 mm hole, which allows to conclude that the bigger
the influence of the hole in the stress field, the more accurate is the numerical solution.
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Figure 8.12: Crack path comparison between experimental procedure and numerical
models results.
Two-dimensional numerical models and results of the CT specimen with a 16
millimeter diameter hole.
Similarly to the analysis performed for the CT specimen with a 10 mm hole diameter,
a comparison between the experimental results and the results from the two-dimensional
numerical models was also made. For the numerical analysis it were used the extended
finite element (xFEM) and the NNRPIM methods. The results are shown in figures 8.13a
and 8.13b for the xFEM and NNRPIM models, respectively.
It can be noticed that for this case the 2D extended finite element method model shows
good agreement with the experimental results and, the NNRPIM solution is a reasonable
approximation for this case. A more detailed analysis of the crack-path results of the both
methods is shown in figure 8.14 where a comparison between the numerical solutions and
the experimental one is done. As is shown in figure 8.14 the two-dimensional model from
Abaqus shows a better agreement with the experimental result, the model solved using
the NNRPIM method shows a good approximation of the crack path in particular for the
point where the crack intersects the hole which is very similar to the point where the
experimental path intersects it.
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(a) Two-dimensional model for a CT specimen
with a 16 mm hole, xFEM method.
(b) Two-dimensional model for a CT specimen
with a 16 mm hole, NNRPIM method.
Figure 8.13: Results from the Two dimensional models for the CT specimen with a 16
mm hole.
Figure 8.14: Comparison of the crack-path results of the 2D models with the
experimental results.
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8.1.5 Equivalent stress intensity factor determination.
Usually the available data for fatigue crack propagation are obtained for pure mode I
which can lead to errors or imprecise results of the life prediction for a cracked component
subjected to mixed mode loading. In order to understand if the approximation made
when the fatigue life is determined using the data obtained for pure mode I and the
loading subjects the cracked component to mixed mode, the stress intensity factors were
determined for the modified CT specimen with a 16 mm hole. After the determination
of KI and KII , equivalent stress intensity factor values were calculated. To compare the
difference between using the data obtained for mode I and the data for mixed mode, the
fitting resulting of the equivalent stress intensity factor points were compared with the
original Paris law fitting. The procedure of data acquisition is explained in detail below.
During the experimental test, measurements of the crack length and the corresponding
number of cycles were recorded. In order to calculate the values of KI and KII for each
measured point, the two-dimensional model represented in figure 8.15a, the VCCT and
the J integral techniques were used. Since the values obtained with each technique were
very similar between them the subsequent calculations only use the values of the stress
intensity factor obtained with the VCCT technique.
The obtained results are presented in table 8.2, where the values of ∆KI , ∆KII , crack
length (a) and the corresponding number of cycles are shown. The crack length and
number of cycles presented in table 8.2 are the mean values of the ones measured in the
experimental procedure, this was made in order to determine the values of KI and KII in
a mean point of the crack increment size. Also has to be noticed that the values of the




where dx and dy are respectively, the crack length measured in the horizontal and vertical
directions, reference point to take all of this measures were the end of the notch. With the
data available on table 8.2 is possible to determine the equivalent stress intensity factor
and the crack growth ratio da/dN.
(a) Meshed model used to calculate KI and
KII .
(b) Zoom of the meshed model on the crack
neighborhood.
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Table 8.2: Values of ∆KI and ∆KII and respective crack length value and number of
cycles.






3.4 211.80 10.55 45000
4.4 234.22 13.58 95000
5.1 240.17 14.00 120000
7.4 247.75 5.53 145000
8.9 262.50 38.71 155000
10.6 279.19 2.60 165000
12.8 297.90 14.41 172500
13.6 306.64 3.82 177500
14.7 318.13 3.37 182500
16.4 342.43 2.16 186250
17.5 368.36 13.18 188750
18.6 385.59 4.33 191250
19.9 398.41 35.74 193750
21.4 410.03 126.32 196250
23.5 461.84 19.93 198750
25.2 505.42 18.41 201250
28.9 573.85 68.58 203000
Figure 8.16 shows the evolution of the crack length with the increase of the number of
cycles. And as it would be to expect the higher are the number of cycles the bigger is the
change on the crack size for a certain number of cycles.
Figure 8.16: Evolution of the crack length with the increase of the number of cycles.
In order to visualize the behavior of ∆KI and ∆KII with the number of cycles, the
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values of ∆KI and ∆KII were plotted as function of number of cycles. The resulting plot
is shown in figure 8.18 and from its analysis it can be concluded that the values of KI
get bigger as the number of cycles increase and the values of KII do not show a clear
tendency. Also can be noticed that the values of ∆KI are always much greater than the
values of KII .
Figure 8.17: KI and KII as function of the number of cycles.
Figure shows the evolution of ∆KRicharde with the number of cycles. the evolution of
∆KRicharde is very similar to the evolution of ∆KI in figure 8.18 as it is expected. Since
DeltaKI is much grater than ∆KII , the value of ∆Ke is similar to the value of ∆KI , as
shown in figure 1.8.
Figure 8.18: KI and KII as function of the number of cycles.
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The equivalent stress intensity factor was calculated according to the approaches pre-
sented in section 1.3 and the results are presented in table 8.3. Plotting the data of table
8.3 in a double-logarithmic scale graphic are obtained the fatigue propagations curves for
each approach.
Table 8.3: Values of the equivalent stress intensity factors according to the different




∆Ke ∆Ke ∆Ke ∆Ke
Richard Energy Tanaka Chen
/mm · cycle−1 /MPa√mm /MPa√mm /MPa√mm /MPa√mm
1.09E-05 212.5 212.1 211.8 212.5
7.61E-05 235.3 234.6 234.2 235.2
5.66E-05 241.3 240.6 240.2 241.2
0.000148 247.9 247.8 247.7 247.9
0.000171 269.9 265.3 262.5 269.5
0.000223 279.2 279.2 279.2 279.2
0.000163 298.8 298.3 297.9 298.8
0.000204 306.7 306.7 306.6 306.7
0.000343 318.2 318.2 318.1 318.2
0.000442 342.4 342.4 342.4 342.4
0.000429 369.0 368.6 368.4 368.9
0.000542 385.7 385.6 385.6 385.6
0.000599 402.6 400.0 398.4 402.4
0.000833 456.6 429.0 411.0 455.6
0.000689 463.0 462.3 461.8 462.9
0.001471 506.3 505.8 505.4 506.3
0.002266 584.6 577.9 573.9 584.0
Figure 8.19 shows the points of the values of da/dN as a function of ∆Ke for the used





















= 1 · 10−14∆K4.096e . (8.7)
Observing figure 8.19 it can be noticed that all the approaches are very similar to the
original Paris law extracted from NASGRO material database. This is an expected results
because the values of KII are lower when compared with the values of KI and for that
reason the values of Ke will be near to the values of KI , has was demonstrated in figure 1.8
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where the value of the non-dimensional equivalent stress intensity factor (Ke/KI) tends
to one as the ratio KI/KII tends to infinite.
Figure 8.19: Comparison between the Paris law based on the NASGRO database
material and the fitting curves of the points obtained for each approach.
From figure 8.19 also can be concluded that for the case that as been analysed the fact
of the crack is propagating in plane mixed-mode does not have a great influence on the
crack growth ratio.
8.2 Three point bend specimen
The experimental setup, numerical models and the respective results for the three point
bend specimen will now be presented. In this case the mode II was induced by loading the
specimen out of the symmetry plane and adding holes to the specimens. In order to better
understand the influence of the distance between supports and load position on the values
of KI and KII will be performed studied some cases. For each case will determined, using
Abaqus software and the J-integral technique, the values of KI , KII and the value of the
propagation angle.
8.2.1 Solid mechanics analysis
Taking into consideration that (i) the relationshipp of the distance between the crack plane
and the plane of the applied load, with the distance between supports, is always the same,
one quarter and (ii) the crack is always in the middle, of the supports it is possible to
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generalize the equation for the bending moment for the cases where the load is applied
out of the crack plane. According to the values of the shear diagrams the value of the left




· Papplied /kN (8.8)
as the specimen is loaded with a concentrated load the shear force will be constant until
the load application point, therefore for the shear for takes the following value:
V (x) = Ry1 =
1
4
· Papplied /kN (8.9)
where x is the local coordinate and is equal to zero on the support. As a results of the




· Papplied · x /kN ·m (8.10)
For the case where the load is applied on the crack plane, which is coincident to the




· Papplied /kN (8.11)




· Papplied · x /kN ·m (8.12)
With the bending moment equation defined for every studied case, it is possible to
determine the value of the bending moment on the crack location for each case. So making
use of equations 8.17 and 8.12 the values of the bending moment for each case are:
Load applied on the crack plane (symmetry plane), case 1




· Papplied · S /kN ·m (8.13)
where W is the distance between supports, for the studied situation S = 230 · 10−3 m so




· Papplied · 230 · 10−3 /kN ·m (8.14)
Load applied out of the crack plane, case 2
For the cases where the load is applied out the crack plane the distance between the crack
plane and the plane of the applied force is equal to S/4, since the crack is always in the
symmetry plane of the supports means that the distance between the supports and the
crack is S/2, therefore the distance between the plane of the applied load and the left
support, reference point, is 3/4 · S which is the value of x for those cases.





· Papplied · S /kN ·m (8.15)
For case 1 the value of the S is 230 · 10−3 m, so the value of the bending as a function of





· Papplied · 230 · 10−3 /kN ·m (8.16)
The corresponding diagrams for this case are shown in figure 8.21.
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Load applied out of the crack plane, case 3
Case 2 is very similar to the case 1, the only difference is the value of the distance between
supports. In this case the value of S is 120 · 10−3, as a result the value of the bending





· Papplied · 120 · 10−3 /kN ·m (8.17)
The diagrams of shear force and bending moment corresponding to this case are shown in
figure 8.22.
Figure 8.20 shows the shear force and bending moment diagrams for the case where
the specimen is loaded on the symmetry plane with a unitary load. It can be noticed
that for this case there is no shear force on the crack plane, therefore the nominal stress
actuating at the crack tip is only due ti the bending moment. for this loading situation
for a specimen without holes the value of KII should be nearly to zero.
Figure 8.21 shows the shear force and bending moment diagrams for case 2. For this
situation the crack tip is subjected to a bending moment and to a shear force, this shear
force will originate the mode II to loading, therefore the value of KII will be different
of zero and the crack will propagate in with a determined inclination which function of
KI and KII . Figure 8.22 shows the shear force and bending moment diagrams for case
3. For this case it also exists mode II and the propagation angle will be different of the
propagation angle for case 3.
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Figure 8.20: Shear force and bending moment diagrams for a symmetric load.
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Figure 8.21: Shear force and bending moment diagrams for an asymmetric load.
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Figure 8.22: Shear force and bending moment diagrams for a distance between supports
of 120 mm, with asymmetrical loading.
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8.2.2 Determination of KI, KII and propagation angle
In the previous section the internal efforts diagrams for the different loading situations has
been shown. Now for a better understanding of the influence of those values, the values
of KI , KII and propagation angle θ will be determined for each case. To determine those
values were used the same crack length, load value and specimen geometry and dimensions.
The dimensions of the specimen can be observed in figure 7.2, in the studied cases the
crack as total length of 15 mm and the applied load has as value 15 kN. To predict the
crack propagation angle for each situation the maximum tangential stress (MTS) was used.
The obtained results for each case are shown in the table below.







Case 1 372.3 -0.17 0
Case 2 269 16.2 -6.9
Case 3 112.9 13.1 -12.9
The resulting crack paths for each loading case are shown in figures 8.23a to 8.23c.
(a) Crack-path for case 1.
(b) Crack-path for case 2.
(c) Crack-path for case 2.
Figure 8.23: Crack-path results for each loading situation presented above.
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As it is shown in figure 8.23 the results of the crack propagation show a good agreement
with the values of the propagation angle presented in table 8.4, for case 1 θ1 = 0 and for
cases 2 and 3 can be observed that θ3 > θ2, where θ1, θ2 and θ3 are the propagation angles
for cases 1, 2 and 3 respectively.
The first thing to do is determine the maximum load which can be used during the
fatigue test in order to have an approximate crack growth rate. The procedure to determine
this load will be similar to the one used in the previous section for the CT specimen.
8.2.3 Determination of the maximum fatigue load during the crack prop-
agation
Tests were preformed in the two configurations mentioned in this thesis, for the 3PB
specimen, therefore it is needed to determine two values of the maximum fatigue load
during the crack propagation. The two different geometries are shown in figures 6.5 and
7.2 where the difference between them is the specimen width.
Since the specimens are subjected to mixed mode loading, one way to determine the
maximum fatigue load is: making use of the Paris law for the used material extract
the value of the stress intensity factor for the chosen crack-growth rate, da/dN , value.
Subsequently and using the ASTM E399 standard equation for the stress intensity factor
calibration curve it is possible determine an approximation of the maximum value for the
fatigue test load.
It is important to be noticed that the ASTM E399 standard equation is for pure mode I,
therefore applying it to the studied cases is an approximation.
Three point bend specimen with a width of 40 mm
The first used geometry was the specimen shown in figure 6.5 where width (W ) is 40 mm,
the length of the fatigue pre-crack for this specimen is 6 mm which leads to an initial crack
length of 16mm, the distance between supports for this case is 120 mm. For crack growth
to be a slow process to make easier the data acquisition, a value of da/dN near to 1 mm
per 10000 cycles will be chosen, which the same of the one chosen to the CT specimen,
and for this value of crack-growth ratio the value of ∆K is 260 MPa·√mm. Bearing in
mind the ASTM E399 standard equation, previously mentioned in equation 7.8 it is now
possible to estimate the maximum value for the fatigue propagation load test, Pmax. As




Using equation 7.8 is possible to calculate value of Pmax which is:
Pmax = 61400 N (8.19)
The calculated load is for mode I; as the specimen is loaded in a mixed mode situation
the applied load can be bigger or smaller than the one determined in equation 8.19, this
is just a reference value.
Three point bend specimen with a width of 60 mm
For this case the fatigue pre-crack as length approximately of 3 mm which means that the
initial crack length is 13 mm, the width of specimen is 60 mm and the distance between
supports is 230 mm. Similarly to what has been done to the anterior configuration, it
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also will be chosen a determined crack-growth rate and using the Paris law fitting, based
on the NASGRO material database, will be determined the corresponding value of ∆K.
Considering that a mode I situation the value of Pmax can be calculated using equation
7.8.
The crack-growth rate will the same as the one used in the precious case so the value
of ∆K will be the same, because the used material is the same for both specimens con-
figurations. Before calculate the value of Pmax it is needed to determine the value of the





therefore using equation 7.8 the value of Pmax is:
Pmax = 9500 N (8.21)
8.2.4 Experimental setup
The experimental setup is the same for both specimen configurations and can be observed
in figure 8.24.
The load is applied by the top support. The bottom support only restricts the dis-
placement on the vertical direction and can be adjusted to any distance between supports
since it belongs to the maximum range allowed by the support.
Figure 8.24: Experimental setup for 3PB specimens.
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8.2.5 Experimental crack path
Now the experimental crack path results will be presented for the three point bend speci-
mens. For the 60 mm width specimen, two different configuration which are shown in figure




























(b) Three point bend specimen with two holes with 8 mm diameter.
Figure 8.25: Three point bend specimen with 60 mm width configuration.
Experimental crack path for the 40 mm width 3PB specimen.
For this specimen the remaining section was too small and could not support the applied
load, therefore the specimen broke. This brittle fracture corresponds to the part of the
crack path where is visible the effects of plasticity at the specimens surface. In figure 8.26a
is shown the crack path result for the experimental test. Figure 8.26b shows the crack
surface for the same specimen, it can be observed the appearance of ”shear lips” where
the brittle fracture occurred which indicates that the crack propagates in plane stress
situation.
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(a) Experimental crack path for the 40 mm width 3PB specimen.
(b) Crack surface for the 3PB specimen with 40 mm width.
Figure 8.26: Three point bend specimen with 40 mm width experimental crack path.
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Experimental crack path for the 60 mm width 3PB specimen: 3 holes config-
uration
The crack path results for the this configuration of the specimen will now be presented. As
shown in figure 8.27 the crack path goes through the first hole, in this case the specimen
did not break since the remaining section of the specimen were considerable.
Figure 8.27: Three point bend specimen with 60 mm width and 3 additional holes crack
path.
The obtained crack path was not the expected one since it was thought that the crack
would propagate and did not intersect any of the three holes.
Experimental crack path for the 60 mm width 3PB specimen: 2 holes config-
uration
For this configuration the obtained crack path for the experimental tests is shown in figure
8.28. The crack also propagates in the direction of the first hole which - as in the previous
case - was not expected.
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Figure 8.28: Three point bend specimen with 60 mm width and 3 additional holes crack
path.
The experimental models where designed based on preliminary numerical results which
after the obtained experimental results were corrected.
8.2.6 Numerical models and results
Now the numerical models and results for the three point bend specimens will be presented.
Since the numerical results for the CT specimen which has shown better agreement with
the experimental results were the ones with a free mesh on the crack domain, for the 3PB
specimens only models which are meshed with a free mesh on the crack domain will be
studied.
Three dimensional numerical model and results for the 3PB specimen with 40
mm width.
For the 3PB specimen with a 40 mm width the distance between supports is 120 mm and
the distance between the crack plane and the load plane is 30 mm. The used mesh for
the three dimensional numerical model can be observed in figure 8.29. The used mesh is
substantially refined on the crack domain in order to obtain accurate results.
Figure 8.29: Three dimensional numerical model mesh for the 3PB specimen with 40 mm
width.
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The results obtained for the crack path for the model shown above are presented in
figure 8.30.
Figure 8.30: Three dimensional numerical model for the 3PB specimen with 40 mm width,
crack path results.
Two dimensional numerical model and results for the 3PB specimen with 40
mm width.
Since the numerical results for the three dimensional models has been already presented,
now the two dimensional numerical model and the respective results will be presented.
Figure 8.29 shows the meshed model used for the two dimensional model.
Figure 8.31: Two dimensional numerical model mesh for the three point bend specimen
with 40 mm width.
It is to be expected that the obtained results for the three numerical models has to
be very similar to the results obtained with 2D models; this agreement has already been
shown for the CT specimen numerical models. Figure 8.32 shows the crack path obtained
for this numerical model, which as expected very similar to the crack path observed in
figure 8.32 for the three dimensional model.
Figure 8.32: Two dimensional numerical model for the 3PB specimen with 40 mm width,
crack path results.
Similarly to the comparison made for the CT specimens between the numerical and
the experimental results for the crack path, this comparison will not be made for the
3PB specimen with 40 mm width. Since the pre-crack has a considerable inclination
and length (around 6 mm), the remaining ligament has a small dimension. This fact
has two consequences: i) the mechanical resistance of specimen is comprised, so brittle
fracture will occur; ii) the distance traveled by the crack will not be big enough such
that the initial inclination of the pre-crack can be negligible. So bearing in mind of the
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related consequences the comparison between experimental and numerical results will not
be relevant.
Three dimensional numerical model and results for the 3PB specimen with 60
mm width with 3 additional holes.
The 3PB specimen configuration used for the following numerical model is the one pre-
sented in figure 8.25a. The meshed model is shown in figure 8.33.
Figure 8.33: Three dimensional meshed model for the 3PB specimen with 60 mm width
and 3 additional holes.
The crack propagation path resulting of the numerical three dimensional numerical
mode is shown in figure 8.34.
As can be observed in the previous figure, the crack propagation path obtained for
the three dimensional model does not intersects the first hole. So the comparison between
the experimental and numerical crack path only will be performed for the crack until
the experimental path intersects the first hole. The remaining numerical path will be
considered insignificant.
Two dimensional numerical model and results for the 3PB specimen with 60
mm width with 3 additional holes.
Now, similarly to what has been done for the other models a two dimensional model and
respective results will be presented.
Figure 8.35 shows the meshed model for the 3PB specimen with 60 mm width and 3
additional holes.
Figure 8.34: Three dimensional model for the 3PB specimen with 60 mm width and 3
additional holes, crack path results.
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Figure 8.35: Two dimensional meshed model for the 3PB specimen with 60 mm width
and 3 additional holes.
The respective results for the crack propagation path are shown in the following figure.
Figure 8.36: Two dimensional model for the 3PB specimen with 60 mm width and 3
additional holes.
Comparison results for the 3PB specimen with 60 mm width and 3 additional
holes.
The numerical and experimental crack propagation paths will now be compared. In fig-
ure 8.37 are compared the results for the crack propagation path resulting from: the
experimental tests and from the two and three dimensional numerical models. The black
circumference is a schematic representation of the first additional hole.
As already said, only a part of the crack path for the three dimensional numerical
model only has been considered. From the analysis of figure 8.37 can be noticed that the
2D model results show better agreement than the results of the 3D model when compared
with the experimental crack path.
The differences between the numerical and experimental crack paths can be justified
by the fact that the numerical result is very sensitive to the initial pre-crack length and
inclination, those two parameters are hard to measure accurately and have a great influence
on the numeric result. Also the material is considered to be isotropic and perfect with no
internal flaws or inclusions and this may be not representative of real material which can
contain inclusion or internal flaws.
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Figure 8.37: Comparison between the experimental and numerical crack paths.
The experimental and numerical results for the configuration of the 3PB specimen
presented in figure 8.25a were presented and discussed above. Now the configuration for
the 3PB specimen shown in figure 8.25b will be analysed below.
Three dimensional numerical model and results for the 3PB specimen with 60
mm width with 2 additional holes.
The 3D meshed model for the current configuration is shown above. Again a free mesh
has used on the crack propagation domain.
Figure 8.38: Three dimensional numerical model for the crack path for the 3PB
specimen with 60 mm width and 2 additional holes.
Figure 8.39 shows the crack propagation path for the model shown in figure 8.38.
Again the crack propagation path which is above the first hole influence field does not
have interest since the experimental crack path intersects the first hole, since figure 8.39
only shows the crack path until the first hole.
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Figure 8.39: Three dimensional numerical model results for the crack path for the 3PB
specimen with 60 mm width and 2 additional holes.
Two dimensional numerical model and results for the 3PB specimen with 60
mm width with 2 additional holes.
Now the two dimensional numerical model and respective results will be presented for





Figure 8.40: Two dimensional numerical model for the crack path for the 3PB specimen
with 60 mm width and 2 additional holes.
The corresponding results are shown on the following figure.
Figure 8.41: Two dimensional numerical model results for the crack path for the 3PB
specimen with 60 mm width and 2 additional holes.
Comparison results for the 3PB specimen with 60 mm width and 3 additional
holes.
The comparison between the different models and experimental tests will now be per-
formed. Figure 8.42 shows the crack path propagation for the two and three dimensions
numerical models and the experimental crack path result. Analysing the figure it can be
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noticed that in this case non of the numerical models show a complete agreement with the
experimental result. Both show a satisfying agreement at the beginning of the propagation
but both models show a lower sensitivity to the added hole than the experimental model.
Again the causes for this difference might be traced to non isotropy of the used material,
internal flaws or inclusions and other causes which has been already referred above.
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2D numerical crack path
3D numerical crack path
Figure 8.42: Comparison results for the 3PB specimen with 60 mm width and 2 additional
holes
85
8. Experimental validation procedure: crack-paths
86
Chapter 9
Crack path for brittle fracture situations
In the previous chapter the crack path propagation for fatigue propagation situations has
been studied. In this chapter the experimental results of tests preformed in cracked 3PB
specimens monotonically loaded up to rupture will be shown, in an attempt to observe if
the crack path will be influenced by the propagation velocity.
Therefore the experimental tests consist of loading the specimen, which already contain
a fatigue pre-crack, until it reaches its fracture toughness and the propagation is unstable.
The tests were preformed in two different configurations of the specimen. Both have
the same length which is 250 mm, and thickness which is 20 mm; the distance between
supports also was the same for both (230 mm) and the distance between the crack plane
and the load plane is either the same for both configuration which is 57.5 mm. The two
configuration only differ on the width which is 40 and 60 mm.
The results are shown in figure 9.1, concentrating in crack surfaces which result form
the experimental tests. For both specimens the results for crack path prediction are very
complex to obtain due to the appearance of shear lips. Therefore the results will not be
treated in the present work.
The shear lips phenomenon is much more expressive in the case of the 60 mm width
specimen than in the case of the 40 mm width. A very coarse analysis of the crack path
would be to measure the initial slope of the interior crack region, less disturbed by the
shear lips phenomenon.
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(a) Experimental results for brittle fracture tests for the 60 mm
width 3PB specimen.
(b) Experimental results for brittle fracture tests for the 40 mm
width 3PB specimen.





The main conclusion of this work is that the extended finite element method is capable of
predicting the crack path under mixed mode loading situations in an acceptable way.
The results extracted from the numerical methods show a better agreement with the
obtained experimental results, for the compact tension specimens than for the three point
bend specimens. It was found that the NNRPIM application to the present problem needs
some refinement in order to give more accurate solutions.
Concerning the results obtained for the three point bend specimens, they do not mean
that the numerical model results are wrong, it simply can mean that the input data of the
numerical model were not the most correct. As example of these imprecise data are the
assumption that the material is perfect and do not contain any internal defects or flaws;
that the mechanical and fracture properties are equal in any direction;
All of those variables lead to conclude that the experimental results have a big disper-
sion so it may occur that using the same setup, material and geometry the results can be
different. Therefore validation of the numerical models using experimental data has to be
made using a higher number of experimental tests in order to cover the dispersion of the
experimental tests.
Another important aspect about the experimental tests on the 3PB specimen is the
sensitivity that the numerical models have shown to the pre-crack geometric properties
i.e. length, inclination.
The mesh technique used for the crack domain is also an important fact which has to
be emphasized. The numerical results of the crack propagation path under mixed mode
loading cases are more accurate if the crack domain mesh is completely random. In case
of the crack domain mesh is completely structured the results will not be correct.
From the experimental data it was possible to determine the stress intensity factors
KI and KII and consequently calculate the equivalent stress intensity factor using four
different approaches. This allow to conclude that the propagation law for the used material
is not much different in cases of mixed or in cases of pure mode I. That was possible to
conclude comparing the fitting curves for the original Paris law and the fitting curves for




It has been proved that the geometries and experimental setups which has been used
do not induce a high contribution of mode II. Therefore in future work new geometries
and experimental setups should be tests in order to increase the mode II contribution.
Also for further work a pure mode II situation will be tested using a completely different
geometry and experimental setup. For this situation the fitting curve for da/dN as a
function of ∆KII will be compared with the fitting curve using the NASGRO database
material experimental data.
An important aspect which also has to be improved in the future is to understand how
the used software uses the enrichment functions to predict the crack path and be capable
of explain the difference between results when it is used a structured mesh or a free mesh.
A more complete mechanical characterization of the used material should be done and
in case of the material have different mechanical properties in different directions, the
numerical models should be modified and the correct properties introduced.
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